
W2.a). If a,b,c  
 such that abc  1, then prove the following inequality:

1
a3Fnb  Fn1c

 1
b3Fnc  Fn1a

 1
c3Fna  Fn1b

 3
Fn2

b). If a,b,c  
 such that ab  bc  ca  3, then prove the following inequality:

1
a3Fnb  Fn1c

 1
b3Fnc  Fn1a

 1
c3Fna  Fn1b

 3
Fn2

c) If a,b,c  
 such that a  b  c  3, then prove the following inequality:

1
a3Fnb  Fn1c

 1
b3Fnc  Fn1a

 1
c3Fna  Fn1b

 3
Fn2

D.M. Bătineţu-Giurgiu and Neculai Stanciu.
Solution by Arkady Alt, San Jose, California, USA.
First we note that for any x,y, z  0 holds inequality

(1) 
cyc

x2

Fnz  Fn1y
 x  y  z

Fn2
.

Indeed, by Cauchy Inequality
cyc

x2

Fnz  Fn1y
 x  y  z2


cyc
Fnz  Fn1y



x  y  z2

Fn
cyc

z  Fn1 y


x  y  z2

Fn  Fn1x  y  z


x  y  z
Fn2

.

a) Let x,y, z : 1
a , 1

b
, 1
c .Then xyz  1 and

cyc

1
a3Fnb  Fn1c




cyc

x3yz
Fnz  Fn1y

 
cyc

x2

Fnz  Fn1y
. Since by AM-GM inequality x  y  z  3 3 xyz  3

then
cyc

1
a3Fnb  Fn1c

 
cyc

x2

Fnz  Fn1y
 3

Fn2
.

b) Let x,y, z : 1
a , 1

b
, 1
c .Then ab  bc  ca  3  x  y  z  3xyz and using

inequality (1) we obtain
cyc

1
a3Fnb  Fn1c

 
cyc

x3yz
Fnz  Fn1y

 xyz
cyc

x2

Fnz  Fn1y


xyzx  y  z
Fn2


3x2y2z2

Fn2
.Since by AM-GM inequality 3xyz  x  y  z  3 3 xyz then

xyz  1 and, therefore,
cyc

1
a3Fnb  Fn1c

 3xyz2

Fn2
 3

Fn2
.

c) Let x,y, z : 1
a , 1

b
, 1
c .Then a  b  c  3  xy  yz  zx  3xyz and using

inequality (1) we obtain
cyc

1
a3Fnb  Fn1c

 
cyc

x3yz
Fnz  Fn1y

 xyz
cyc

x2

Fnz  Fn1y


x  y  zxyz
Fn2

.Since by AM-GM inequality 3xyz  xy  yz  zx  3 3 x2y2z2  xyz  1

then x  y  z  3 3 xyz  3 and, therefore,
x  y  zxyz

Fn2
 3

Fn2
.


